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The exercises in this booklet are intended to give further practice, should 
you require it, in handling the main mathematical ideas in each chapter of 
MS221, Block C. The exercises are ordered by chapter and section, and are 
numbered accordingly: for example, Exercise 3.2 for Chapter C1 is the 
second exercise on Section 3 of that chapter. 


Exercises for Chapter C1 


Section 1 


Exercise 1.1 
(a) Consider the function k(x) = x? + 3a. 
(i) Show that if h 4 0, then 
k(x + h) — k(a) 
h 
(ii) Hence determine k’(x). 


=2¢+h+3. 


: ' 1 
(b) Consider the function f(x) = 73 (a #0). 
(i) Show that ifh £0 and «+h #0, then 
f(e+h)—f(c) (3a? + 32h + h?) 


h (a + h)sa3 


(ii) Hence determine f’(x). 


Exercise 1.2 

(a) Given that f(x) = x4/? write down 
f(x), f"(@) and f° (2). 

(b) Given that y = cos, write down 
dy d*y dy d‘y 


dx’ dx?’ das" dat 


Section 2 


Exercise 2.1 


(a) Given that f(x) = 4,/z% — 3sinz (x > 0), 
find f’(2). 


(b) Given that g(t) = 2e'+ 3Int (t > 0), 
find g’(t). 
Exercise 2.2 


Use the Product Rule to differentiate each of the 
following functions. 


(a) f(x) = (#3 — 82/3 + 2) cos x 
(b) g(t) = (2t4 + sint) tant 
(c) A(x) = (s0" —a@?+5— =) e 


(d) f(@) =0°ln@ 


Exercise 2.3 


Use the Quotient Rule to differentiate each of the 
following functions. 


vo +5a+1 
@) f= 
4a +e” 
(b) 9(2) = 
1+ cost 
(c) h( at ae 


Exercise 2.4 

Differentiate each of the following functions. 
(a) k(x) = (x? — 3x + 4)(a? + 2x - 1) 

(b) g(t) = Intcos(3t) 


sin 6 
©) MO By ogn 1 
x? +22 —1 
() P@)= a 3044 
4G x? = 
e€ 


Exercise 2.5 


Use the Composite Rule to differentiate each of the 
following functions. 


(a) (a) = cos( V2) 
(b) h(n) = yoose 
(c) k(x) = et /? 

(d) k(a) = sin(x*) 
(e) k(x) = tan(Inz) 


Exercise 2.6 


Differentiate each of the following functions. 


(a) f(t) = cos?(3t) In(5t) 


(b) f(x) = (@? +12 


(c) f(x) =sin ((a? + 4)e?*) 
(a) f(t) = e*/" 


Exercise 2.7 


(a) Use the Inverse Rule to find the derivative of 
f(x) = aresin(2z), for —$ <a < §. 

(b) (i) Given that y = arctan(3z), use the Inverse 
Rule to find dy/dz. 


(ii) Confirm your answer by using the derivative 
of arctan and the Chain Rule. 


Section 3 


Exercise 3.1 


Sketch the graph of each of the following functions. 


(a) f(e) ===> 

() key = 

(c) h(x) =a? —9x 

(d) g(a) = (a? — 5)e/? (You may assume that 
g(x) + 0 as > —co.) 

Section 4 


Exercise 4.1 


(a) 


Consider the function f(x) = x? + 3a? — 2. 


(i) By evaluating f(—3) and f(—2), show that 
the equation f(x) = 0 has a solution in the 
interval (—3, —2). 

(ii) Show that for this function f the 
Newton-Raphson formula in equation (4.1) can 
be expressed as 

203 +302 +2 


= Oe Taree) 
32n(tn +2) (n bat Mo) ) 


En4+1 = 


(iii) Use your calculator to find the first five 
terms of the sequence x,, when the initial term 
is Yo = —2.5. 

(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


Consider the function f(«) = e” — 3a. 


(i) By evaluating f(0) and f(1), show that the 

equation f(x) = 0 has a solution in the 

interval (0, 1). 

(ii) Show that for this function f the 

Newton-Raphson formula in equation (4.1) can 

be expressed as 

e*" (tn, — 1) 
etn — 3 

(iii) Use your calculator to find the first five 

terms of the sequence x,, when the initial term 

is zp = 0.5. 

(iv) Check that the final term calculated in 

part (iii) is indeed a good approximation to a 

solution of f(x) =0. 


(n =0,1,2,...). 


Inti = 


Exercise 4.2 


(a) 


Consider the function f(x) = 2+ — 3x — 3. 

(i) By evaluating f(1) and f(2), show that the 
equation f(x) = 0 has a solution in the 
interval (1, 2). 

(ii) Show that for this function f the 
Newton—Raphson formula in equation (4.1) can 
be expressed as 
324+3 
4a3 — 3 


Chaps (n =0,1,2,...). 

(iii) Use your calculator to find the first five 
terms of the sequence x,, when the initial term 
is zp = 1.5. 

(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


(v) Find a value of ao for which the 
Newton—Raphson method fails for this 
function f. 


Consider the function f(x) = $x +cosz. 
(i) By evaluating f(—2) and f(—1), show that 
the equation f(x) = 0 has a solution in the 


interval (—2,—1). 


(ii) Show that for this function f the 
Newton—Raphson formula in equation (4.1) can 
be expressed as 


Ln SIN Ly + COS Ly 


(n =0,1,2,...). 


In4+1 = > T 
SINTn — 5 

(iii) Use your calculator to find the first five 

terms of the sequence x,, when the initial term 


is to = —1.5. 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


(v) Find a value of ao for which the 
Newton—Raphson method fails for this 
function f. 


(vi) Generalise your result in part (v) to give a 
number of initial values x9 for which the 
Newton—Raphson method fails for this 

function f. 


Exercises for Chapter C2 


Section 1 


Exercise 1.1 


Use the table in the Handbook and the Sum and 
Constant Multiple rules to find each of the following 
indefinite integrals. 


(a) [oe + cos(4x)) da 
(b) fe — sin(5t)) dt 


©) [aa 


0 [(f22) 


Exercise 1.2 


Evaluate the following definite integrals, giving your 
answers to 4 decimal places. 


(a) : (34 — e?”) dr 
(b) [ cos (#t) dt 


1/2 1 
‘ eh 
—1/2 V1—u2 
1 
(d) | e!/? dt 
0 


Exercise 1.3 


(a) (i) Explain why the graph of f(x) = x!° is 
above the x-axis for all values of x in the 
interval [—3, —2]. 

(ii) Find the area under the graph of f(x) = 2!° 
from xz = —3 to x = —2, correct to the nearest 
integer. 

(b) (i) Explain why the graph of y = sin(5z) is 
above the z-axis for all values of x in the 
interval [7/15, 27/15). 

(ii) Find the area under the graph of 
y = sin(5z) from « = 7/15 to # = 27/15. 


3 
(c) (i) Find the values of | (e?/? —1) da and 
2 


2 
/ (er i 
ij 


1) dx, correct to 4 decimal places. 


(ii) Which of the integrals above represents the 
area bounded by the graph of y = e*/? — 1, the 
x-axis and the stated limits for x? 


(iii) Calculate the area bounded by this graph, 
the x-axis, x = —1 and x = 8, correct to 4 
decimal places. 


(d) Sketch the graph of the function f(x) = cos(2z) 
between « = —7/2 and x = 7/2. Using the fact 
that the area bounded by the graph, the z-axis 
and the given limits for x is 4 times the area 
bounded by the graph, the x-axis, « = 0 and 
x = 7/4, show that the area bounded by the 
graph and the x-axis between x = —7/2 and 
x = 7/2 is 2. 


(e) Sketch the curve y? = 4x from «= 0 to z = 9. 
Using your sketch to help you, find the area 
bounded by the curve and the line x = 9. 


Section 2 


Exercise 2.1 


Use integration by parts to find each of the following 
indefinite integrals. 


(a) J c0s(3) da 
(b) / 2x sin (£2) dx 
(c) [embe) dx 


Exercise 2.2 


Use integration by parts to find each of the following 
definite integrals correct to 3 decimal places. 


(a) ve re** dx 
(b) ee xsin(22x) dx 
(c) ue x In(42) dx 


Exercise 2.3 

Find the following integrals. 

(a) es sin ($2) dx 

(b) fer cos(4x) dx 
aa e “” sin(5x) d 


xv? Inxdz 


Exercise 2.4 


Evaluate the following integrals, correct to 4 decimal 
places. 


1 
(a) | ae” dx 
0 


m/4 
(b) | e*/? cos(2x) dx 
0 


4 
(c) | x? Ing dx 
1 


Section 3 


Exercise 3.1 


Use integration by substitution to find the following 
integrals. 


(a) [oe dz, taking u = 2° 
(b) fe sin(x°) dx, taking u = x° 


(c) fea — 223)? dx, taking u = 1 — 223 


5 
d : dx, taking u = 2 — x® 
2— 76 
—2£ 


Exercise 3.2 


Use integration by substitution to evaluate the 
following integrals, giving your answers correct to 
4 decimal places. 


1 
(a) | a(2x? + 1)\/? da, taking u = 22? +1 
0 
1 2 
(b) i ze” +3 dz, taking u= 2?+3 
0 
1/V3 ig 
(c) i ion dx, taking u = arctan(3z”) 
7/2 cosx sin x 
(d) | ——— dz, taking u = 1+sin? x 
0 1+sin* x 


Exercise 3.3 


Use integration by backwards substitution to find the 
following integrals. 


(a) / aaa dx, taking x = $(u +1), where 
ip 
u=3xz-1 
2 
o) | Ge Me taking 2 =? —1, where 
x 
1/2 


u=(«#+1) 


1 
(c) i ae dx, taking x = e“, where u = Ina 
x 


1 
(d) / (+2237? daz, taking x =tan U, where 
x 


wu = arctan © 


Exercise 3.4 


By choosing an appropriate substitution, find each of 
the following integrals. 


(a) / PCC One 
(b) / eos! Ox) ane ae 
(c) if aJe—1de 
(4) / e® cos(e*) de 


Exercise 3.5 


Find the following integrals, using any appropriate 
method. 


(a) je sin(4x°) dx 
(b) / gaulen de 


fo 
© {eae 
Exercise 3.6 


Evaluate the following integrals, using any 
appropriate method, giving your answers to 
4 decimal places. 


2 
x+2 
(a) | t+? dx 
m/4 
(b) | sec x tan x dx 
0 


(c) ie x cos(6x) dx 


—1n/6 


Section 4 


Exercise 4.1 


(a) Find the volume of revolution obtained when the 
region under the graph of y = 1/zx, from « = 4 
to x = 1, is rotated about the z-axis. 


(b) Find the volume of revolution obtained when the 
2 2 
ellipse > + a = 1 is rotated about the z-axis. 
(This solid of revolution is the same as that 
obtained by rotating the graph of 
f(a) = 2\/1 — 22/9 about the z-axis.) 


(c) Use integration by substitution to find the 
volume of revolution obtained when the region 
under the graph of y = /x(1+2)!/3, from « = 0 
to x =1, is rotated about the x-axis, giving your 
answer correct to 4 decimal places. 


(d) Use integration by parts to find the volume of 
revolution obtained when the region under the 
graph of y = ze~”, from x = 1 to x = 2, is 
rotated about the x-axis, giving your answer 
correct to 4 decimal places. 


Find the volume of revolution obtained when the 
region under the graph of y = sinz, from « = 0 
to x = 7, is rotated about the x-axis, giving your 
answer correct to 4 decimal places. 


Exercise 4.2 


A miniature perfume bottle is 4.5cm high and the 
outside shape is formed by the curve with equation 


1 
y = 15+ —=cos2 between x = —4 and « = 4. It 


V2 


has a circular cross-section. 


The thickness of the material from which the bottle 
is made is uniform and measures 0.5cm; see figure 
below. 


Explain why the internal volume V of the bottle can 
be expressed by 


4 1 2 
ven} (1+ Sesr) dx. 
0 V2 


Hence calculate how much perfume the bottle can 
hold, to the nearest 0.01 cm?. 


Exercises for Chapter C3 


Section 1 


Exercise 1.1 


Find the linear Taylor polynomial about 0 for each of 
the functions below. Use the polynomial to find an 
approximation for f(0.02), and use your calculator to 
find the value of the associated remainder to eight 
decimal places. 


(a) f(@)=e™ =a)" 


(b) f(z) = (x <4) 


Exercise 1.2 


Find the linear Taylor polynomial about 1 for each of 
the functions below. 


(a) f(@)=e™ 


Exercise 1.3 


(a) Use the linear Taylor polynomial about 1 from 
Exercise 1.2(b) above to find an approximate 
value for the reciprocal of 2.01. Use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


Find the linear Taylor polynomial about 0 for 
1 
f(x) = tae Use your answer to find an 


approximate value for the reciprocal of 1.01%. 
Use your calculator to find the value of the 
associated remainder to eight decimal places. 


Exercise 1.4 


Find the quadratic Taylor polynomial about 0 for 
each of the functions below. Use the polynomial to 
find an approximation for f(0.01), and use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


(a) f(z) =e? 
(b) f(a) = xcosa 


Section 2 


Exercise 2.1 


Find the quartic Taylor polynomial about 0 for each 
of the functions below. 


(a) f(x) = cos(2z) 


(>) f(a) =n (—) 
() sf) = 


Exercise 2.2 


1-2 


(a) Find the quintic Taylor polynomial about 7 for 
the function f(x) = cosa. 


(b) Find the quintic Taylor polynomial about e for 
the function f(x) = Ing. 
Exercise 2.3 


(a) Given that the Taylor polynomial of degree n 
about 0 for the function f(x) = In(1+4 2) is 


3 


1 1,4 
au qe fener pf 


pr(xz) =a — 52° 4 


for n = 1,2,3,..., calculate the value of In(1.05) 
to four decimal places. 


Given that the Taylor polynomial of degree 2n 
about 0 for the function f(x) = cos(2x) can be 
expressed as 


(-1)"41 


x 


n 


? 


_,_ Q2)? | (2z)* n (20)?” 
Pan(t) =1— "5 rian Sec war 
for n = 0,1,2..., calculate the value of cos(0.2) 


to four decimal places. 


Section 3 


Exercise 3.1 


(a) Find the Taylor series about 0 for the function 
f(x) =e™. 

(b) Find the Taylor series about 1 for the function 
f(x) = 1/a. 


Exercise 3.2 


Use the binomial series to find the first five terms of 
the Taylor series about 0 for each of the following 
functions. 


(a) (l+a)* = (b) (+2)? 


Exercise 3.3 


Using the appropriate series from Exercise 3.2, find 
the value of each of the following numbers to three 
decimal places. 


(a) (0.99)~4 (b) (0.9)!/3 


Section 4 


Exercise 4.1 


Using the standard Taylor series about 0, find the 
Taylor series about 0 for each of the following 
functions, giving the first four non-zero terms. For 
each series state a range of validity. 


(a) sin(x?) (bee! 


QO 


— (+27) 


Exercise 4.2 


Using standard Taylor series about 0, find the Taylor 
series about 0 for each of the following functions, 
giving the first four non-zero terms. For each series 
state a range of validity. 


(a) e* + cosz 


© (Ts) 


(Hint: Use In (; — =) = In(1 — x) —In(1 + 2).) 


1l+2 
(c) (l-2)sing 


Exercise 4.3 


(a) Use the standard Taylor series about 0 for e” to 
write down the Taylor series about 0 for e?”. 

(b) Use e?” = e® x e” and multiplication of the 
standard Taylor series about 0 for e® to confirm 
the first four terms of your answer to part (a). 


Exercise 4.4 


(a) The Taylor series about 0 for sinh x is 
; ee ae 
sinha = a+ Sa + Fe fore, 
Use this series to write down the first three 


non-zero terms of the Taylor series about 0 for 
sinh(2z). 
(b) The Taylor series about 0 for cosh x is 
eS epe g 
cosh x = Tag? 7 ae ricea Ses 
Use multiplication of Taylor series to obtain the 


first three non-zero terms of the Taylor series 
about 0 for sinh x cosh x. 


(c) Compare your answers to parts (a) and (b) 
above, and hence conjecture an identity relating 
sinh(2z) and sinh x cosh x. 

Exercise 4.5 


(a) By differentiating the standard Taylor series 
about 0 for In(1 + x), find the Taylor series 


1 
about 0 for i 


to find 


1 
(b) Use the Taylor series about 0 for 
1l+2a 


1 
the Taylor series about 0 for Tage 


(c) Use your answer to part (b) to find the first four 
non-zero terms of the Taylor series about 0 for 
arctan(2x). (You may assume that an 
antiderivative of 1/(1 + 4x?) is $ arctan(2z).) 


For each series state a range of validity. 


Exercise 4.6 
(a) Use the binomial series to find the Taylor series 
1 
about 0 for ————, giving the first four 
72 giving 
non-zero terms. State a range of validity for the 
series. 


(b) Use your answer to part (a) to find the Taylor 
series about 0 for arccos x, giving the first five 
non-zero terms. 


Solutions for Chapter C1 


Solution 1.1 
(a) (i) We have, for h 40 
k(a +h) — k(a) 


1 
ay ((a + h)? +3(a+h)— (2? + 32)) 

1 
=p (2 + 2ah+ he + 3a + 3h — 2? 32) 
=2r+h+3, 


as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 


lim (2x +h +3) =2e+3, 
so 
ki (a) = 2a + 3. 
(b) (i) We have, forh #0 andx+hF0, 


fe +h) = f@) 
h 


“i (cam) 


21fe<@rh? 
AK (a@+h)32 
x? — (a? + 3a7h + 3xh? + h3) 
(a + h)>ax3 


_ (3a? + 3ah +h’) 
(cx+h)3r3 ” 


as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 


he (327+ 3¢h+h?)\  -32?  -3 
h—0 (2 + h)3x3 age ~ oat? 
so 
3 
Pi) — "yee 


Solution 1.2 
(a) Here f(x) = «4/3, so f'(x) = $2¥3, 


co Se see and f(z) = —2279/3, 
d a 
(b) Here y = cos, so a =-—sing, a =— cosa, 
3 4 
4 = sing and it = COs a. 


(The Constant Multiple Rule was used here 
several times. ) 


Solution 2.1 


(a) By the Sum and Constant Multiple Rules, the 
function f(x) = 4,/z — 3sinz has first derivative 


f'(x) =4x 407? — 3c082 


= — — 3cosz. 


Jz 
(b) By the Sum and Constant Multiple Rules, the 
function g(t) = 2e’ + 3lnt has first derivative 


g(t) =2e' + : (ES). 
Solution 2.2 
(a) Here f(x) = (2° — 84/9 + 2) cosa, so 
f'(x) = (30? —8x 41/9) COS © 
+ (a — 8x4/3 + 2)(—sin 2) 


= (32? - r'/) cos a — (x® — 84/3 + 2) sine. 
(b) Here g(t) = (2t* +sint) tant, so 
g' (t) = (8t? + cost) tant + (2¢4 + sin t) sec? t. 


2 
(c) Here h(x) = (527 — 2? +5—- we so 
h(x) = (352° — 27 + 22-7 )e” 


2 
(507 e+ =) e 
x 


2 7. 
= (507 + 350! ve? —2e¢4+5 2+ a)e 


(d) Here f(0) = 6°ln@, so 
f'(0) = 660° Ind + 6 x 
= 6?(6In6 +1). 


Solution 2.3 


at 5a? 1 
(a) Here f(x) => a ae ee so 
I'(«) = (x* + 1)(7x® + 152?) — (x? + 5x? + 1)(42°) 
~ (x4 +1)? 
= 3x19 + 2x8 — de? + 15x? 
a (x4 +1)? 
4 x 
(b) Here g(x) = = 2 , SO 
a —2 
He (x® — 2)(4 + e*) — (4x + e*)(82") 
(F = 2p 


_ —280° — 8 + (x8 — 827 — 2)e* 
= (@ 3p 7 


_ 1+ cost 


(c) Here h(t) = ae 
n'(t) = sin t(— sin t) . e + cost) cost 
sin* t 
__ —sin? t — cos” t — cost 
7 sin? t 
_ —l—cost 
sin? t 
_ 1 
~ cost—1’ 
by using 


sin? t = 1 — cos*t = (1 — cost)(1 + cost). 


Solution 2.4 
(a) Here k(x) = (x? — 3a + 4)(x? + 2z 
use the Product Rule: 
k' (x) = (Qa —3)(2? + 22 — 1) 
+ (x? — 3a + 4)(2a + 2) 
= 2x? + da* — 2x — 327 —6r +3 
+ 2a? — 6x? + 8x + 2a? — 62 +8 
= 4x° — 3x? — 6x +11. 
(b) Here g(t) = Intcos(3t), so we use the Product 
Rule: 


gi)= = cos(3) + Int (—3sin(3t)) 


1 
=e cos(3t) — 3Intsin(3t). 


(c) Here h(@) = a so we use the Quotient 
Rule: 
h'(6) = (6? + 20 — ) cos 6 — sin 6(26 + 2) 
(0° + 26 — 1) 
(6? + 26 —1)cos 0 — 2(0+1)sin 
i (6 + 20 —1) ; 
x?+2r-1 


(d) Here f(x) = Soe the 


Quotient Rule: 
f(a@= (2? — 3a + 4)(2a + 2) 


—(x? + 2x —1)(2x —3)) /(a* — 3a + 4)? 
_ 2e3 — 4x? + Qn + 8 — 22° — 2? + 84 — 3 


(a? — 3” + 4)? 


_ —5a2 +102 +5 
(x? — 3x + 4)? 
5(1 + 22 — x?) 


~ (a2 — 82 4+4)2" 


10 


3 . 
x? sin x ; 
, So we use the Quotient 


(e) Here k(x) = 
and Product Rules: 


(a) = e* (3x? sinz + x3 cosx) — x? sin x(e”) 
(e*)? 
_ e* (3a? sing + 2 cos x — x? sin 2) 
(e*)? 
_ 2°(3—2)sina + x cos x 
= = : 
Solution 2.5 
(a) Here k(x) = cos(./x), so in this case 
k(x) = g(f(x)) = g(u), 
where 
g(u) =cosu and u= f(x) = Vx = 2". 
Since g/(u) = —sinu and f(x) = 5271/?, we 
have 
k(x) = —sinu x 2e71/? 
= —sin(/z) x 4a¢71/? 
ye 2 
= ie sin(/2). 
(b) Here k(x) = \/cosz, so in this case 
k(x) = g(f(x)) = gu), 
where 
g(u) = u)/? and u= f(x) = cosa. 
Since g'(u) = gu71/? and f’(x) = —sinz, we 


have 
Ke) byl? x (—sin x) 
sing 
2,/cos x 
(c) Here k(x) = e® /?, so in this case 
k(x) = g(f(a)) = g(u), 


where 


g(u) =e" anda = f(a) =s2". 
Since g’(u) = e” and f’(x) = x, we have 
k(x) =e"n = ae /?, 
(d) Here k(x) = sin(x*), so in this case 
k(x) = g(f(a)) = g(u), 
where 
g(u) =sinu and u= f(x) = 2°. 
Since g'(u) = cosu and f(x) = 3x7, we have 
k'(x) = cosu x 32? 


= 327 cos(z°). 


(e) Here k(x) = tan(Inz), so in this case 
k(x) = g(f(a)) = g(u), 
where 
g(u) = tanu and u = f(x) =Ing. 
Since g'(u) = sec? u and f’(a) = 1/a, we have 
k'(x) = sec? u x 1/z 


__ sec?(In x) 


ax 


Solution 2.6 
(a) Here f(t) = cos*(3t) In(5t), so we use the 
Product Rule and the Composite Rule: 


f@= “ (cos?(3t)) In(5t) + cos?(3t) <an(st)) 


= 2cos(3t)(—3 sin(3t)) In(5t) + cos? (3t) : 


= c0s(3t) ee — 6sin(3t) int) 


2x 


(b) Here f(x) = ean so we use the Quotient 
a 


Rule and then the Composite Rule: 
(x? “ifs 1)?4 ((e?”)) = erro (2? dy 1)?) 
(a? +1)* 


(x? + 1)? x Qe?” — €?” x 2(x? + 1)2e 


f"(@) = 


(22 + 1) 
_ 2e?* (x? + 1)(a? + 1 — 22) 
= (22 +1)4 
_ 26?* (a — 1)? 

(a? + 1)8 


(c) Here f(x) = sin((x? + 4)e3”), so we use the 
Composite Rule and then the Product Rule: 
d 


f'(x) = cos ((x? + 4)e%”) or ((2? + 4)e%*) 


= cos ((2” + 4)e”) (2xe** + (a? + 4)3e%") 


= e3t (3a? +2e¢+ 12) cos (2? + 4)e**) : 


(d) Here f(t) = e’/s*, so we use the Composite 
Rule and then the Quotient Rule: 


Rene | de i 
! — ab /sint |) 
pMESe dt (=) 


13/sint (Sint x 3t* — t? x cost 
=e —_— 
sin” t 


(= - st) p2¢t8/sint 


sin? t 


Solution 2.7 


(a) If y= f(x) = arcsin(2x), where —$ <a < $, 
then 


C= ssiny, where — am <y< $0. 
dx 

So — = +cosy. 
dy ? y 


Thus, by the Inverse Rule, 


2 
= a , provided cosy # 0. 
cos y 


Now cos? y + sin? y = 1, so 
cosy = =x 1— sin? y =t/1— (2a)?. 


Since cos y is never negative in the interval 
—1/2<y < 1/2 we take the positive root: 


cosy = V1 —4a?. 


Hence 
dy 2 
dx J1—4z2" 
(b) (i) If y= arctan(3z), then « = 4 tany, so 
dx 
hi = 4 sec? y = $ (1 + tan? y) 


= $ (1+ (32)”) = 3 (14+ 927). 
Thus, by the Inverse Rule, 


dy —s 1 du 


— — =3. 
dus 1+u? os dx 
So, by the Chain Rule, 
dy dy du 1 
———. _——— ee ————— 3 
dx du , dx 1+u? a 
7 3 
~ 14+ (3x)? 
= 3 
~ 14-92?’ 


confirming the answer in part (i). 


Solution 3.1 
3x —8 

(a) f(z) = aa 

Step 1: The denominator x — 4 is zero when x = 4, 
so the domain of f is R except for 4. 

Step 2: f is neither odd nor even. 

Step 3: The only x-intercept occurs when 
3x — 8 = 0; that is, when « = 8. The 
y-intercept is f(0) = 2. 


Step 4: 


Step 5: 


Step 6: 


Here is a sign table for f(z). 


Thus f is positive on (—oo, $) and (4,00), 
and negative on (§, 4). 
The derivative of f is 
1). (©—4) x 3— (Ba — 8) x1 
74 
~ (w@— 4)?" 

So f’(x) <0 for all x in the domain. Thus f 
is decreasing on (—oo, 4) and (4,00). 
Since the denominator is 0 when x = 4, the 
line x = 4 is a vertical asymptote. Also 

3a —-8 3-8/ax 
A ear aaa eT 


ah Gt BRE ce OD. 
So the line y = 3 is a horizontal asymptote. 


To locate the curve in the interval (4,00), 
we calculate f(5) = 7. 


Thus we can sketch the following graph. 


12 


(b) k(x) = 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


x? +1 

z2—1 

The denominator is 0 when x = +1, so the 
domain of k is R except for +1. 


We have 


eae ear ae 


so k is an even function. 


(-2)?+1  2?+1 


The x-intercept would occur when 

x? + 1=0, which has no real solutions, so 
there is no x-intercept. The y-intercept is 
k(0) = —-1. 


Here is a sign table for k(z). 


Thus k is positive on (—oo, —1) and (1, 00), 
and negative on (—1, 1). 


The derivative of k is 
Ga) = (x? — 1)29 — (a? + 1)2e 
@=1P 
= —4x 
~ @=1F 


Here is a sign table for k’(x). 


Step 6: 


So & is increasing on (—oo, —1) and (1,0), 
and decreasing on (0,1) and (1,00). Also k 
has a stationary point at x = 0, which isa 

maximum, with value k(0) = —1. 


Since the denominator is 0 when x = +1 the 
lines x = 1 and x = —1 are vertical 
asymptotes. Also 


Koy = 


so y = 1 is a horizontal asymptote. 


-lasz—-+0, 


To locate the curve in the interval 

(—oo, -1), we calculate k(—2) = 5/3 and to 
locate the curve in the interval (1,00) we 
calculate k(2) = 5/3. 


Thus we can sketch the following graph. 


(c) h(x) = 2? — 9x2 = a(x? — 9) = a(x — 3)(x + 8). 
Step 1: The domain of h is R. 
Step 2: We have 


= -2° + 92 = —(2° — 92), 
so h is an odd function. 

Step 3: The z-intercepts occur when x? — 9x = 0; 
that is, when x(a — 3)(a +3) =0. So the 
x-intercepts are —3, 0 and 3. Since h(0) = 0, 
the only y-intercept is zero; that is, the 
graph passes through the origin. 

Step 4: Here is a sign table for h(x). 


Thus h is negative on (—co, —3) and (0,3), 
and positive on (—3,0) and (3, 00). 
Step 5: The derivative of h is 
h'(x) = 327 —9 
= 3(x? — 3) 


= 3(2 — V3) (24 + V3). 


Here is a sign table for h’(x). 


So h is increasing on (—oo, —/3) and 

(V3, 00), and decreasing on (—V/3, V3). Also 
h has a stationary point at « = —/3 ~ —1.7, 
which is a local maximum with value 
h(—V3) = 6V3 ~ 10.4, and a stationary 
point at V3 ~ 1.7, which is a local minimum 
with value h(/3) = —6V3 ~ —10.4. 


f(a) > was % > 
and 

f(x) 
Thus we can sketch the following graph. 


was x CoO 


UA 


(-V3, 6V3) 


RY 


(3, 673) 


(d) g(x) = (a? —5)e"/? 
Step 1: The domain of g is R. 
Step 2: We have 
g(-2) = ((-#)? — 5)e"*/? 
= (zg? — Berle, 


so g is neither odd nor even. 
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Step 3: 


Step 4: 


Step 8: 


Step 6: 
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The z-intercepts occur when « = +/5. The 
y-intercept is g(0) = —5. 
Here is a sign table for g(z). 


So g is positive on (—oo, —V/5) and (V5, 00), 
and negative on (—V5, V5). 
The derivative of g is 
g' (x) = 2ae®/? + (x? — 5)ser/? 
= er? (a? + 4a — 5) 
- ce%/2 (a + 5)(a% — 1). 


So g'(x) = 0 when « = —5 and x = 1. 


Here is a sign table for g’(x). 


So g is increasing on (—oo, —5) and (1,00), 
and decreasing on (—5,1). Also g has a 
stationary point at « = —5, which is a local 
maximum, with value g(—5) = 20e~5/? ~ 1.6 
and a stationary point at x = 1, which isa 
local minimum with value 
g(1) = —4e1/? ~ -6.6. 

g(x) > oo as & — cw (since e 
x — oo and 2? —5 > 00 as & > ov) 


t/2 _. oo as 
g(x) > 0 as & > —oo (given). 


To locate the curve in the interval (1, 00), 
we calculate f(3) = 4e3/? ~ 17.9. 


Thus we can sketch the following graph. 


(1,-6.6) 


Solution 4.1 
(a) (i) With f(z) = 2° +327 —2 


we have f(—3) = —27+ 27-2 < 0 and 
f(—2) =-8+4+12-—2>0. Thus the function f 


changes sign in the interval (—3, —2), so it has a 


zero in that interval. 


(ii) Since f’(x) = 3x? + 62, the 
Newton-—Raphson formula is 


ope f(@n) 
f'(&n) 
_ x? + 3x2 —2 
7" 842 + 6an 
_ 303 + 622 — (a3 + 3x2 — 2) 
7 S07 6a, 
2x3 + 3x2 +2 
= Ot =0,1,2,...). 
32n(Ln + 2) (n De), ) 
(iii) To full calculator accuracy 
ry = —2.5, 
t= —2.8, 


L2 = —2.735 714 286, 
x3 = —2.732 062 373, 
L4 = —2.732 050 808. 


(iv) We obtain with a calculator 
f(x4) = 0 (to 8 d.p.). 


Thus x4 is indeed a good approximation to a 
solution of f(x) =0. 


(b) (i) With f(a) =e” — 3a 


we have f(0) =1>0 and f(1) =e-3 <0. 
Thus the function f changes sign in the interval 
(0,1), so it has a zero in that interval. 

(ii) Since f’(a) = e* — 3, the Newton—Raphson 
formula is 


ee ee f(@n) 
f'(&n) 
ev” — 32n 
— rn —_— —um 
etn — 3 
tg ler 3) = (ert 377 | 
> etn — 3 


Tne” — 3xy — €*" + 32n 


etn — 3 
e*" (ay, — 1) 
= = 0,1, 25004). 
etn = 3 (n ’ >) F ) 
(iii) To full calculator accuracy 


Lo = 0.5, 

x1 = 0.610 059 655, 
X2 = 0.618 996 7797, 
x3 = 0.619 061 2834, 
t4 = 0.619 061 2867. 


(iv) We obtain with a calculator 
f(x4) = 0 (to 10 d.p.). 


Thus x4 is indeed a good approximation to a 
solution of f(x) =0. 


Solution 4.2 
(a) (i) With f(x) = «* — 3a —3 we have 


f(1) =—-5 <0 and f(2) =7>0. Thus the 
function f changes sign in the interval (1,2), so 
it has a zero in that interval. 
(ii) Since f’(x) = 4x3 — 3, the Newton—-Raphson 
formula is 

ri — 32, —3 


4a3 — 3 
_ In(4a3 — 3) — (24 


Ln41 = In — 


4a3 — 3 
Ag* — 39, — 24 +32n+3 
4x3 — 3 


_ 380443 
~ Ax — 3 


(n = 0,1,2,...). 


(iii) To full calculator accuracy 
x = 1.5, 
x1 = 1.732 142857, 
XL = 1.686 860 180, 
a3 = 1.684621010, 
x4 = 1.684615 706. 


(iv) We obtain with a calculator f(x4) = 0 
(to 8 d.p.). 

Thus x4 is indeed a good approximation to a 
solution of f(x) =0. 


(v) The Newton—Raphson method fails in this 
case if we choose zo to be the stationary point 


of f, which is ¥/3/4 ~ 0.91. 

(i) With f(x) = $x + cos we have 

f(—2) ~ -1.42 < 0 and f(—1) ~ 0.04 > 0. Thus 
the function f changes sign in the interval 
(—2,—1), so it has a zero in that interval. 

(ii) Since f’(x) = 4 — sin, the 
Newton-—Raphson formula is 

$n + COS Ln 


In4t1 = In — ZT 5 
5 — siNLy 
dive Ver 1 
Uns si wy) — (oon C08 Sa) 
1 . 
5 — SinZy 


—Xy SINLy — COS Ty 


4 — sin ty 


ee A 6G, 
sin By, — 5 

(iii) To full calculator accuracy 

to = —1.5, 

x, = —1.046 400619, 

X= —1.029917 121, 

x3 = —1.029 866 530, 

x4 = —1.029 866 529. 
(iv) We obtain with a calculator f(x4) = 0 
(to 9 d.p.). 
Thus 24 is indeed a good approximation to a 
solution of f(x) =0. 


(v) The Newton—Raphson method fails in this 
case if we take rp = aT, since this is a stationary 
point of f. 


(vi) The Newton—Raphson method fails if we 
take xp to be any stationary point of f. These 
stationary points are the solutions of 

sin x — $ =0; 
that is, all numbers of the form 

x= 2n0t+ a or “&=2n7+ or, 


where n € Z. 
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Solutions for Chapter C2 


Solution 1.1 


In each case c is an arbitrary constant. 


(a) [oe + cos(4x)) dx = x + tsin(4x) + ¢ 


se" + £cos(5t) + ¢ 


4 
— dt = 4arctant+c 


(©) l= 
@ (232) [(E-S)4 


—5.0045 (to 4 dp.) 


(b) io cos (4t) dt = E sin (20) , 
= 5 (sin (a/5) — sin (—7:/5)) 
= 10sin(7/5) 
= 5.8779 (to 4 d.p.) 

1/2 1 1/2 

(c) i FS ea du = aresin W bi 

= arcsin(4) — arcsin (—4) 

= 7/6 — (—7/6) 

= 7/3 

~ 1.0472 (to 4 d.p.) 


1 
(d) | et? dt = [ae 
0 0 


= 2e1/2 92 
= 1.2974 (to 4 dp.) 
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Solution 1.3 


(a) 


(i) For x in the interval [—3, —2], x is negative, 
but any negative number to an even power is 
positive, so x!° is positive. Hence the graph of 
f(x) = 2'° is above the x-axis on the interval 
[—3, —2]. 


(ii) The area is 


-2 
/ oo de = ae" | 
4 3 
7 ((—2)** _ (—3)"*) 
= 15918 (to nearest integer). 
(i) For x in the interval [7/15, 27/15], 5a lies in 
the interval [7/3, 27/3] so sin(5zx) is positive. 


Hence the graph of y = sin(5z) is above the 
x-axis on the interval [7/15, 27/15]. 


—2 


a 


(ii) The area is 


2n/15 2n/15 
/ sin(5x) dx = -4 cos(5z)| 
m/15 m/15 
= —+ (cos(2m/3) — cos(7/3)) 
=-1(-4-4) 
= f= 0.2. 
3 
(i) i (e*/? — 1) dx = |2<%/? — z| 
2 2 


= (2e8/2 — 3) — (2e — 2) 
= 2.5268 (to 4 d.p.) 
2 2 
/ (e?/? —1) dx = |2<%/? - z| 
-1 


asi 
(969). (de 4) 
= 1.2235 (to 4 d.p.) 


(ii) The graph of y = e*/* — 1 passes through 
the origin, and e*/? — 1 is positive for 2 > 0 and 
3 


negative for x < 0. Hence only | (e*/? — 1) dx 
2 


represents the area bounded by the graph, the 
z-axis and the given limits for x. 


(iii) To find the required area it is necessary to 
find the (positive) area bounded by x = 0 and 
x = 3, which is above the z-axis, and then 
subtract from it the (negative) area bounded by 
x = —1 and z = 0, which is below the z-axis. 


The required area is 


i: (Ges Dde— fi (e*/? — 1) dx 


-1 


= [2¢%/? on |26%/? x) 


-1 
= (2683) 0 = (0 Oe" 4) 
= 267/? + 2e71/? _ 6 
= 4.1764 (to 4 d.p.). 

(d) The graph of y = cos(2z) is shown below. 


By properties of the cosine function, the area 
bounded by the curve and the z-axis, between 
x = —n/2 and x = 7/2 is made up of four equal 
parts A, B, C and D. So the total area equals 
4 times the area from x = 0 to « = 7/4. Hence 
the required area is 
n/4 m/4 
a cos(2x) dx = 4 E sin(2)| 
0 0 
= 2(sin(7/2) — sin 0) 
= 2, 
as required. 


(e) The curve y? = 42 is a parabola, as shown 
below. 


The parabola is symmetrical about the x-axis, 
so the area required is twice the area bounded 
by that part of the curve above the z-axis from 
xz=0to z= 9 and the z-axis. 


The part of the curve above the z-axis has 
equation y = 2,/z, since y > 0 on this part. 


Hence the total area is 


3(9°/? — 0) 
8 x 27 
= = 72. 
3 


Solution 2.1 


In each case we use the integration by parts formula 


[ flog! @) ax = Floale) — f Fe) g(a) ae, 
and c is an arbitrary constant. 
(a) Let f(x) =a and g’(x) = cos(3z); then 
f(z) =1 and g(x) = ¥sin(3z). 
Hence 


J ec0s(3) dx = $x sin(3x) — pp x $sin(3x) dx 


= -xsin(3x) — 4 [ sin(30) dx 

= $xsin(3x) + § cos(3x) +c. 

(b) Let f(x) = 2a and g’/(x) = sin (#2) 
i 
5 


; then 
f'(x) = 2 and g(x) = —5cos(#z). 


Hence 
[pesin (42) dx 
= 95 (“808 (42) - fe (5 eos (42) de 


= —10acos (4a) + 10 [ cos (4x) dx 


= —10z cos (42) + 50 sin (42) +c, 
(c) Let f(x) = In(5z) and g'(x) = a; then 
faj=1/e sand. g@)= 29": 


Hence 


1 
[eme) dx = In(52x) x $2? — / — x $a? dx 
x 


= $27 In(5a) — 5 | xae 


= $27 In(5x) — 427 +0. 
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Solution 2.2 
(a) Let f(x) = 2 and g'(x) = e*; then 
f'(2)=1 and g(x)= ze"". 


Hence 


1 
| xe** dx = [ize 
0 


16 
eiSeegs 
= 16 + 76 


= 10.300 (to 3 d.p.). 
(b) Let f(x) =a and g’(x) = sin(2z); then 


f'(e)=1 and g(x) = —4 cos(2z). 
Hence 
n/A4 
‘i xsin(2x) dx 
—1n/4 


m/4 m/4 
= [$e cos(22)| -f 
—n/4 —n/4 


= —1 (1/4 cos(m/2) — (—1/4cos(—7/2))) 


2 


n/4 
+4 E sin(2| ~ 
= 1sin(x/2) — sin(—/2)) 
=10-(-) 
=05. 
(c) Let f(x) =In(4z) and g’(x) = x?; then 
f(a)=1/a and g(x) = ie 
Hence 


2 


in(4 


2 
| x? In(4x) dx = fie? 
1 


2 
= 48ms8—in4)—} f ede 
= 3(8In8 —In4) — 3 2] 
= $(8In8 — In4) — $(8— 1) 


= 4.305 (to 3 d.p.). 
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(—4 cos(2zx)) dx 


al 
-| — x ga dx 
1 1 2 


Solution 2.3 


(a) Let f(x) = 2? and g/(x) = sin (4 


Ww 


ay; then 


f'(v)=2x and g(x) = —2cos ($2). 


Hence 
fe sin ($2) dx 
= —22” cos ($2) — [= (—2 cos ($2) ) dx 


= —2x? cos ($2) + ‘Jee ($x) dx. (1) 
Now let f(x) = @ and g/(x) = cos ($2); then 
f(x) =1 and g(x) = 2sin ($2). 


Hence 
[00s ($2) dx = 2x sin ($2) _ i 2sin ($2) dx 


x) + 4cos ($2 ). 


Substituting in equation (1), we obtain 


je ain (28) ae 


= 2x sin (5 


= —2x” cos($x) + 4 (2rsin($x) + 4cos($z)) +e 
= —2x° cos ($x) + 8xsin ($2) 
+16 cos ($2) + 
= 2cos ($2) (8 — 2”) + 8xsin ($2) +<. 
Let f(a) = e®/? and g/ (x) = cos(4x); then 
f(z) =4e"3 and g(x) = Fsin(4z). 
Hence 
ye2e cos(4x) dx 


— = eM/31 sin(4z) _— fh 1 e2/31 7 sin(42) dx 


Now let f(x) = e*/* and g/(x) = sin(4x); then 
f'(w)=4e7/> and g(x) = —4cos(4z). 
Hence 
fer sin(4x) da 


= e*/3 (1 cos(4z)) — 


- —t¢/8 cos(4r) + + 


Substituting in equation (2), we obtain 
jee cos(4x) dx 
= t_%/3 sin (42) 
-5 (-te"" cos(4a) + a fe” cos(42) i) 


Ke! cos(4z) 


= t¢°/3 sin(4ar) + 
—th fe cos(4x) dz. 
So 
(1+ cz) per cos(4x) dx 
= te*/3 sin(4a) + &e*/* cos(4z), 


and hence 


7 e*!3 cos(4a) dx 


Ti (4e"" sin(4r) + qge"/? cos(te)) Te 


sire”/9(12sin(4x) + cos(4x)) + ¢. 
Let f(x) = e~?* and g(x) = sin(5z); then 
f' (x)= -2e°** —#cos(5z). 


Then we have 


ae sin(5z) dx 
= (Leost5z)) — f (26%) (-F os(52) a 


I 


and 


g(x) 


= —Fe 7 cos(5a) — a fem cos(5x) dx (3) 
Now let f(x) = e~?” and g’(x) = cos(5x); then 

fi(w) = 26° 
Hence 


/ e~ 7” cos(5x) dx 


=e **(£sin(5x)) — 


g(x) = zsin(52). 


ze ** sin(5a) + ee sin(5x) dx. 
Substituting in equation (3), we obtain 


/ e** sin(52) dx 


= —¢e~** cos(5z) 


—2 (ge sin(5x) + 2 


i} e~ 7” sin(52) ar) 


= —te~** cos(5ax) — Ze~** sin(5z) 


& fem sin(5x) da. 


So 


(1+ #) pew sin(5z) dx 
= —ge ** cos(5x) — Ze” sin(5z), 


and hence 


ee sin(5x) dx 


_ 25 (ste 


= 55 Ze~** sin(5z)) +c 


cos(5a) — = 
= —gge "(5 cos(5x) + 2sin(5zx)) +c. 

(d) Let f(x) =Inz and g/(x) = 2?; then 
1 
t — 
f(z) =+ 


Hence 


1 
[einede= inex to? — fox $x° da 
x 


[Pac 


eae 
ge re 


and g(x) = 42°. 


1,3 

ar Inz — 
1,3 

au Ina 


s0°(3Inx—1) +e. 


Solution 2.4 
(a) Let f(x) =2? 
ie) 22 


Hence 


1 
| 77 e® dz = [4e)| 
0 0 


1 
1.35 2 5a 
Ae -3/ re” dx. 


Now let f(x) = 2 and g'(x) = e°”; then 


and g'(x) = e°”; then 


and = g(x) 


fi(z)=1 and g(x) = $e”. 
Hence 
1 1 1 
xe” dx = laze™)| -{ 1(4e°") dx 
0 0 Jo 
1 
= +e” — + e°* dx 


0 
a Ie oO 
= Be — g58 “bos 
a eb 
=e +2 


20.1682 (to 4 d.p.). 
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(b) Let f(x) = e?/? and g/(x) = cos(2x); then 
1 


aC ier/? and = g(x) = 5sin(2z). 
Hence 
m/A4 
i e*/? cos(2x) dx 
0 
m/4 w/4 
= leg sin(2)| = i. de*/?(L sin(2x)) dx 
0 0 
m/4 
= 2e7/8 :/ e*/? sin(2a) dx (2) 
0 
Now let f(x) = e*/? and g/(x) = sin(2x); then 


fi() =4e®/? and = g(x) = —} cos(2z). 
Hence 
m/4 m/4 
| e*/? sin(2x) dx = ers cos(2z)) 
0 0 


2 


= 22.5743 (to 4 d.p.). 


Solution 3.1 


/4 : . 
= i ber/2(_1 cos(2a)) da In each case c is an arbitrary constant. 
0 


m/4 
= 3+ af e*/? cos(2x) da. 


Substituting in equation (2), we obtain 


m/4 
i e*!/? cos(2x) dx 
0 


m/4 
= de7/8 _ (3 + :/ e*/? cos(22) i) 
0 


m/4 
e*/? cos(2x) da. 
0 


So 
n/4 
(ite) | e*/? cos(2x) dx = Zen/8 —}, 
0 
and hence 
m/4 
if er/2 cos(2a) dx = # (4e"* _ i) 
0 
= 0.5793 (to 4 d.p.). 
(c) Let f(x) =Ina and g/(x) = 27; then 
fuajHle 


and 
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d 
(a) Take u= 2° so — = 5a*. Hence 
r 


potetas = i fe (52:4) da 


=F,e +e 
= Leo +c. 
d 
(b) Take u = 2° so <" = 322. Hence 
r 


{a sin(x®) dx = 4 [ sin(a')se? dx 


— 5 [ sinudu 


=-fcosut+c 
= —}cos(z*) +c. 


(c) Take u=1-— 223 so o = —6x7. Hence 
£ 


(d) ies ty 
dx 


ae —62° 
[rae- [oe 


Solution 3.2 


(a) Take u =227+1s0 es 4x. Also u = 1 when 


x 
x = 0, and u= 3 when x = 1. Hence 


1 1 
[ sact+nar=3 | (Qa? + 1)'/24e dar 


3 
=4f wdu 
1 


I 
Ale 
= 
wl 
S 

w 
~ 
i) 
aay 
w 


eve oa 13/2) 
= 0.6994 (to 4 d.p.). 


d 
(b) Take u = x? +3 so a = 2x. Also u=3 when 


xv 
x =0, and u= 4 when x = 1. Hence 


1 1 
i. ze” +3 dz = 4 | e® +3(22) dx 
0 0 


=4(c-e) 
= 17.2563 (to 4 d.p.). 


(c) Take u = arctan(3z7) so 


du _ 1 eke, 88 
dx 14+ (3a2)? 14904 


Also u = 0 when x = 0, and u = arctan(1) = 7/4 


when x = 1//3. Hence 


1/v3 x 1/v3 6x 
‘i aut / Sac eee 
0 1+9a4 Jo 1+ 9x4 


= 3 (7/4—0) 


= 1/24 = 0.1309 (to 4 d.p.). 


(d) Take u =1+sin? x so o = 2sin x cosa. 
x 


Also u = 1 when x = 0, and u = 2 when 


x = 1/2. Hence 


7/2 cog x sin x 
ae 
0 1+sin* x 


Solution 3.3 


_ [7 2Qcosasinx 
2 
0 


2. 
1 f[ a 


2 a tb 


2 
= 5 hn al 
1 


— +In2 


= 0.3466 (to 4 dp.). 


In each case c is an arbitrary constant. 


(a) Let x = 3(u+1), where u = 3a —1. Then 


d 
om = 3. Hence 


[tee af see 


(b) Let 2 =u? —1, where u = (2 +1)'/?. Then 


« = 2u. Hence 
2 
x 
} ene 


d 
(c) Let « =e“, where u=Inz. Then males) 


, dut2 
Te A: ge 
=a (9a — 1) 
54 (3a —1)8 wee 


2 4)2 
[ena 
U 


few — 4u? + 2) du 


uw — gu? +2ut+e 


oun oun 


oy he 


U 


du 
Hence 
[eae [AO du 
x e€ 
= f udu 
= sur +c¢ 
= $(In az)? +e 


1+ sin? x 


(a + 1)9/? — 4(a+ 1)? 
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(d) Let x =tanwu, where u = arctanz. Then 
x 
— =sec?u. Hence 


du 


x sec? udu 


| aaa” | oe 
a ey i) 
(1 + x?)3/2 (1 + tan? u)3/2 
i) 
= | ea 
sec? u 
1 
=| du 
sec U 
= f cosudu 


=sinu+c 


= sin(arctan x) +c. 
(Since tan u = x/1, we have sinu = 2/V1 4 2?, 
so this indefinite integral can be written as 
u/J1+ 27+.) 
Solution 3.4 


d 
(a) Let u= 2° so — = 5a*. Hence 
x 


/ o*sin(o®) dx = 2 / sin(x®)(524) dx 


= tf sinudu 


= 3(—cosu) +c 


= —#cos(x°) +c. 


(b) Let wu = cos(2x) so = = —2sin(2x). Hence 
J cos" 22) sin(22) dx = —5 foosteny(-2 sin(2x)) dx (c) 


=-4 fwtau 


2 8 
=-5X gute 
a aii ae 28 

= —7g cos’(2r) + ¢. 


d 
(c) Let u=a—1so —=1anda=u+1. Hence 
2 


[verte = fer 1)ul/? du 


Log 
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(d) 


d 
Let u = e” so — =e”. Hence 
c 


fe cos(e”) dz = [costen)(et) ar 


= [cosuau 


=sinu+c 


= sin(e”) +c. 


Solution 3.5 


(a) Use integration by substitution. 


d 
Let u = 42? so — = 1222. Hence 
dx 


fe sin(4a) dx = + sin(4a) (12x?) dx 


were! 
= —FgCosu+ ec 


= —i, cos(42°) +c. 


(b) Use integration by parts. 


Let f(z) = and g’(x) = sin(6z) dx; then 
f(z) =1 


Hence 


J vsin(oe) dx = —%xcos(6x) — , (— cos(6x)) dx 


and g(a) = — 2 cos(6z). 


= —Zxcos(6x) + 4 x Zsin(6x) + ¢ 
= x sin(6x) — 4a cos(6x) +c. 


Use integration by substitution. 


d 
Let u =8— 24 so — = —423. Hence 
dx 


a 1 
i ae = 2) Car ead 


Solution 3.6 


(a) Use integration by substitution. 


pee eee aa. 
dx 


Also u = 2 when x = 1, and u = 3 when x = 2. 
Hence 


2 3 
2 1 
| See-/ oe du 
1 @tip” fp w 


3 
= [inju-+] 
Wh 
= (m3 $) - (2 $) 
=In3+? 


= 0.5721 (to 4 d.p.). 
(b) Use integration by substitution. 
du 
Let u=secx so — =secrtanz. 
dx 


1 


Al = 1 wh = eee 
so U when x = 0, and u CSE 


=2 


when x = 7/4. Hence 


n/A4 m/4 
ip sec* x tana dx = i sec? x(sec x tan x) dx 
0 0 


v2 v2 
=i) wdu= Liu 
1 1 


= 1(4-1) =0.75. 
(c) Use integration by parts. 
Let f(2) = and g’(x) = cos(6x); then 
f'(z)=1 and g(x) = Zsin(6z). 
Hence 
n/6 n/6 
7 x cos(6x) dx = E (4 sin(62)| 
—1/6 —n/6 
r/6 
- 7 sin(6x) dx 
—1/6 


= sina + 4 sin(—7) 


n/6 


+3 cos) 
—7/6 


=% (cos = cos(—n)) 
(tC) =o: 


al 


Solution 4.1 


(a) The volume is 


1 74\? 1 
rf (=) dx = rf xv? dx 
1/2 \& 1/2 


(b) The ellipse is symmetrical about the z-axis, and 
the part of the ellipse above the x-axis is the 


curve 
v2 
=2\4/1—— 
es rei) 
from x = —3 to x = 3. So the volume is given by 


3 2 373 
an f (.- >) ae =an|2— 
3 9 27]|_; 


= 4n((3 — 1) — (-3 + 1)) 
= loz. 
(c) The volume is 


rf (vat. + 2)¥*) de = a f a(1+2)?/3 dx. 


0 
d 

ieiaiVistwi se ST and eae 
dx 


Also u = 1 when x = 0, and u = 2 when x = 1. 
Hence 


1 2 
rf ol +2) de= a f (u — 1)u?/? du 
0 


ay 


2 
=a (u?/3 — u?/3) du 
1 
2 
=n gus! - gs] 


2 


_ 38H! 5/3 
=F (5u 5) 


= x (2°/9(10 - 8) - 15 -8)) 


37 
= age + 3) 


= 2.2029 (to 4 d.p.). 
(d) The volume is 


2 
rf xe 7” dx. 
1 


Let f(x) =a? and g'(z) = e~*; then 
J (a=2e - and 


g(x) = —$e7**. 


23 


24 


Hence Solution 4.2 


< / . ete2" de Since the bottle is of uniform thickness 0.5 cm, 
1 including the base, the equation of the inside curve is 


_ 1 
Si aoe ae 2 eo y=1+ yzcosx, whereO<a<4. 
a’ (—Ze"**) 2x (—ge"**) da oe 
1 The volume of the inside of the bottle is therefore 
2 given by the volume of revolution generated by 
—2e74 4 ze? +4 / xe 2” a), (1) rotating the curve y= 1+ a cos x about the x-axis 
I between x = 0 and « = 4. 


So 
f(z) =1 and g(z)= —Ze*". i : 
var{ (1+ 45 cos-r) dx 
Hence i Va 
2 2 2 i 
1 1 i 4 
2 2 = 
ee re ee: iy Neca Now 2cos* x — 1 = cos(22), so 
=-e “+5€ “+15 (- e ) : : 
1 cos" « = 5(1 + cos(2z)). 
=-e" 5€ : ae a ze a Hence 
ee F : j 
i re V= xf (1 + V2cosa + rad + cos(2r)) dx 
2 0 
rf xe 2 dx ; 
1 


= nlx +V/2sinx + $x + $sin(2r) 
0 


I 


(4 + V2sin(4) + 4 x 4+ $sin(8) — 0) 
_ n(—tfe~4 a se?) 
rT 4 4 


=n (5 + V2sin(4) + sin(8)) 


= 0.3445 (to 4 d.p.). 


3 
The volume is = 12.73 cm”, 


™ to the nearest 0.01 cm?®. 
T | sin? x dz. 
0 


Now 1 — 2sin? x = cos(2z), so 
sin? x = (1 —cos(2z)). 
Hence 
rf sin? « dx = in | (1 — cos(2zx)) dx 
0 0 
=47 c - }sin(20) 
0 


= 3n((n—0) = (0-0)) 


oy 


= 4.9348 (to 4 d.p.). 


Solutions for Chapter C3 


Solution 1.1 


(a) Here f(x) = e~*, so (0, f(0)) = (0,e°) = (0,1). 
Also f’(x) = —e~*, so the gradient of the curve 
at (0,1) is f’(0) = —1. Thus the required line 
passes through the point (0,1) and has 
gradient —1. Its equation is therefore y = 1 — 2. 


So the linear Taylor polynomial is p(w) = 1 — a. 
Taking x = 0.02, we obtain p(0.02) = 0.98. 
To eight decimal places, the remainder is 
r(0.02) = e°? — 0.98 
= 0.000 198 67. 


(b) Here f(x) = (4—2x)'/?, so (0, f(0)) = (0,2). 
Also 
f(a) = -4(4 


curve at (0,2) is —4 x 4 


—x)~/?, so the gradient of the 
=o) eee 


Thus the required line passes through the 
point (0,2) and has gradient —4. Its equation is 
therefore y = 2 — $a. 


So the linear Taylor polynomial is p(x) = 2 — 42. 


4 
Taking x = 0.02, we obtain p(0.02) = 1.995. 


To eight decimal places, the remainder is 
(0.02) = (4 — 0.02)!/? — 1.995 
= —0.000 006 27. 


Solution 1.2 


(a) Here f(x) =e, so (1, f(1)) = (1, 1/e). Also 
f'(a) = -e~*, so f’(1) =—1/e. Thus the 
required line has gradient —1/e. Its equation is 
therefore y = ag — x/e and it passes through 
(1,1/e). Hence 1/e = ap — 1/e, so ap = 2/e and 
the equation of the line is y = 2/e — a/e. The 
linear Taylor polynomial about 1 is therefore 


p(t) = - es 7 
(b) Here f(x) = iae” (1, f(1)) = (1, 4). Also 
POS = was so f’(1) = —1. Thus the 


required line has gradient —}. Its equation is 
therefore y = ao — $a and it passes through 
(1, $). Hence s =aj— i, SO Ap = 3 and the 
equation of the line is y = 3 = $a. The linear 


Taylor polynomial about 1 is therefore 


p(a) = 2 — Fa. 


Solution 1.3 


(a) 


(a) 


Solution 1.2(b) gave the linear Taylor polynomial 


about 1 for f(x) as p(x) = 2 — Fa. 


=f +a 
: ; 1 

Taking z = 1.01 gives f(1.01) = D01: 

So the reciprocal of 2.01 is approximated by 

p(1.01) = +(3 — 1.01) = 0.4975. 


To eight decimal places, the remainder is given 
by 


1 
1.01) = —— — 0.4975 = 0. 12 44. 
r(1.01) x01 0.4975 = 0.0000 


Here f(x) = oar so (0, f(0)) = (0,1). Also 


fe ese 6 0) <9 Thus the 
required line has gradient —3 and passes through 
(0,1). Its equation is therefore y = 1 — 32, and 
the linear Taylor polynomial about 0 is 


p(“) = 1-382. 


Taking x = 0.01 gives f(0.01) = (ons 


So 1/(1.01)? is approximated by 
p(0.01) = 1—3 x 0.01 = 0.97. 
To eight decimal places, the remainder is given 


by 


1 
r(0.01) = Tonys ~ 0.97 = 0.000590 15. 


Solution 1.4 


Let the polynomial we seek be 
p(x) = ag + a2 + a22”. 

First we ensure that p(0) = f(0). We have 
f(z) =e/*, p(x) = ap +012 + ager’, 
f(0)=e°=1, + p(0) =ao. 

Thus we have ap = 1. 

Next we ensure that p’(0) = f’(0). We have 
f(a) = 46, 
£0) =38 = 3, 


Thus we have a, = 


p (x) = a, + age, 
p'(0) = aj. 

i 

5: 

Finally we ensure that p’(0) = f’’(0). We have 
f(a) =4 
#"(0) = 4 = 3, 


Thus we have ag = z. 
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Hence the quadratic Taylor polynomial about 0 
for f(x) = e*/? is 


p(t) =14+$e+ ta. 
The polynomial p gives the approximation 


f (0.01) ~ p(0.01) = 1 + $(0.01) + $(0.01)? 


= 1.005 0125. 
The associated remainder, to eight decimal 
places, is 
(0.01) = e%°1/? — 1.005 0125 


= 0.000 000 02. 
(b) Let the polynomial we seek be 
p(x) = ag + 442 4+ apex. 

First we ensure that p(0) = f(0). We have 
f(z) =2xcosz, p(x) =ap+ air 4+ agz’, 
£(0) =0, p(0) = ao. 

Thus we have ap = 0. 

Next we ensure that p’(0) = f’(0). We have 
f(x) =cosx—asinaz, p' (x) = a, + 2aga, 
f'(0)=1, 90) =a. 

Thus we have a, = 1. 


Finally we ensure that p’(0) = f’’(0). We have 


f" (x) =—sinz —(sinz+acosz), p"(x) = 2aa, 


f"(0) =0, p’(0) = 2az. 
Thus we have az = 0. 


Hence the quadratic Taylor polynomial about 0 
for f(x) = xcosz is 


p(x) = 2. 
The polynomial p gives the approximation 
f(0.01) ~ p(0.01) = 0.01. 


The associated remainder, to eight decimal 
places, is 
r(0.01) = 0.01 cos(0.01) — 0.01 
= —0.000 0005. 


Solution 2.1 


To find the quartic Taylor polynomial about 0 for 
any function f(x) we need to evaluate f(0), f’(0), 
£'(0), FO) and f (0). 
(a) For f(x) = cos(2x), we have: 

f(x) = cos(2z), f(0) = 1; 

f'(a) = —2sin(2z), 


f(x) = —4cos(2z), f” (0) = —4; 
f(x) = 8sin(22), f(0) =0; 
f(x) =16cos(2x),  fM(0) = 16. 
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The quartic Taylor polynomial about 0 for 
cos(2z) is therefore 


i ( ) 
p(x) = f(0) + f’(O)a + ro i f Oh 
(4) 
Rilo 
=1- oo + a 
= Qe? + 2a4 


(b) To make the differentiation easier, note that 


Thus we have: 
f(x) =-m(1 +2), — f(0) = 0; 
M@=->  M=-1 
MO-qeyr  M"O=% 
fe) = Gy 10) = 2 
(M@)=arae 10) =6 


The quartic Taylor polynomial about 0 for 


1 
ln {| ——— ] is therefore 
l+a 


VI ) 
p(x) = F(0) + #0) + La? + Oe 
f 
+ F) ‘ 
=—¢ +17? — da? 4 tA 
(c) For f(x) =(1—2)1/?, we have: 

f(x) = (1— a)", f(0) =1; 
a)=-H-a PP, = 
f(a) —F(1 = a)—3/2, f’(0) _ =f, 
fO(@) = -20- 2)”, f(0) = -8; 


fO(0) =. 
The quartic Taylor polynomial about 0 for 
(1 — x)!/? is therefore 


fO(@) = Bl - 2)”, 


FO) 2, f(0) 


p(x) = f(0) + f’(O)a + oe ot ea 
FOO) 4 
+ 7 an 
3 15 
- =o) 3 a ag ia A 
=1l-— 52+ oy xo + 3 ue + ZI 
=1 Sax sx" qu pee". 


Solution 2.2 


(a) The quintic Taylor polynomial about 7 for a 
function f is given by 


fen) + Fe —m) + Leap 
(5) (4 
Dee a 
We have 
f(x) = cosa, a= =] 
f'(«) =—sinz, f(r) = 0; 
f"(«) = — cosa, f"(m) =1; 
f(x) = sina, fO (nm) =0; 
f(a) = cose, fO(n) = -1, 
fO(x) = —sina, fO (x) =0. 
So the quintic Taylor polynomial about 7 for 
cos & is 
p(x) = —-14 $(a nm)? om (a n)*. 


(b) The quintic Taylor polynomial about e for a 
function f is given by 


fle) + Fle - 0) + [Die o? 
(5) 
$4 BO os 
We have 
f(x) =Ing, f(e) =Ine=1; 
1 
f@==, fas 
1 1 
a eae fe) = — a 
fO@=3,  fMe=5: 
PO @)=-Z (OO =-F, 
24 24 
fO@) =, fe) = 
So the quintic Taylor polynomial about e for Inzx 
is 
7 1 1 (a—e)? 2 (a-.e)? 
Ne a es 
6 (x—e)* 24(x-e)° 
et Al & 5 
1 1 1 
=1+—( e) 52 (# e)* 4 303 (# e)? 
1 1 
Tent - y+ =e (2 —e)?. 


Solution 2.3 


(a) The Taylor polynomial of degree n about 0 for 
the function f(x) = In(1+ 2) is 


Pet seer 


n 


Pn(@) =a — 52° + $a° — fa* +--+» + +~——-2”. 


For x = 0.05, we obtain to six decimal places 
p1(0.05) = 0.05, 
p2(0.05) = pi(0.05) — 


( ) — $(0.05)? = 0.048 75, 
p3(0.05) = p2(0.05) + 4 
( 5 
y+i 


(0.05) 

(0.05)? = 0.048 792, 
(0.05)* = 0.048 790, 
4(0.05)° = 0.048 790. 


pa(0.05) = p3(0.05 
ps (0.05) = pa(0.05) + 


The values of p4(0.05) and ps(0.05) agree to six 
decimal places, so it is likely that to four 
decimal places 


In(1.05) = 0.0488. 
(This is the case.) 


(b) The Taylor polynomial of degree 2n about 0 for 
the function f(a) = cos(22) is 


_, (2a)? | 2x)" (—1)"(2x)?" 
Pan(x) = 1 — “5 1 Qn)! 
For « = 0.1, we obtain to six decimal places 
pa(O.1)=1, 
2x 0.1) 
POA) =pp(0a) = Gxo = 0.98, 
2x 0.1)4 
pa(0.1) = po(0.1) + exo = 0.980 067, 
2x 0.1) 
p6(0.1) = pa(0.1) — ex = 0.980 067. 


The values of p4(0.1) and p¢(0.1) agree to six 
decimal places, so it is likely that to four 
decimal places 


cos(0.2) = 0.9801. 
(This is the case.) 


Solution 3.1 


(a) The Taylor series about 0 for a function f is 


given by 
” (3) 
(n) 
AO ie, 
For f(a) = e~*, we have: 
f(z)=e*, f(0) =e =1; 
f(z) =—e™, f'(0) = -e = -1; 
f(z) _ e-*, f’(0) ce = 1; 
f(a) = —e-*, f9)0) = -e° = -1; 


PP Qs elre*, POS (pF 
So the Taylor series about 0 for f(x) = e~* is 


Zr 


(b) The Taylor series about 1 for a function f is Solution 3.3 


given by Que 
MN 
f0)+/'M(e- + Oe 1)? (1+ a)~4 = 1-4 + 10x? — 2003 + 3524 —.-.. 
(3) (4 (nr) (1 Set 1+ 2 = 0.99, so x = —0.01. To five decimal 
mM ! - ig 1) e+ x - NG St places, we have 
For f(a) = 1/x we have po(—0.01) = 1, 
i p2(—0.01) = aC 0. oie + 10(—0.01)? = 1.041, 
f(x) =— a, f') =-1; p3(—0.01) = p2(—0.01) — 20(—0.01)3 = 1.041 02, 
f"(2) = 2 p(y =2 pa(—0.01) = p3(—0.01) + 35(—0.01)* = 1.04102. 
3°? 
e 6 So it is likely that to three decimal places 
f(a) = -—, fO(1) = -6; 
x4 (0.99)~* = 1.041. 
ni 
f(a) = (—1)" a f(A) = (-1)? nl (This is the case.) 
So the Taylor series about 1 for f(x) = 1/z is (b) Use 
1/3 = 1 1,2) 573 10,4 | 
1—(ax +o y? wl 1° (Lt a)"9 =1+ ga — ga? + ga — gett 
; ba ; Set 1+ 2 = 0.9, so x = —0.1. To five decimal 
apis enliarn SS eee places, we have 
n! 
po(—0.1) = 1 
=1-(4-1 SA St)? 
eee ee p1(—0.1) = po(—0.1) + 4(-0.1) = 0.96667, 
Ses Tt po(—0.1) = pi(—0.1) — 4(—0.1)? = 0.96556, 
Solution 3.2 p3(—0.1) = pa(—0.1) + 7(—0.1)° = 0.965 49, 
- 10 4 
The binomial series is given by pa(—0.1) = ps(—0.1) — 343 (—0.1)" = 0.965 49. 
ee eee a(a— 1) 2 " a(a — 1)(a — 2) 3 So it is likely that to three decimal places 
2! 3! (0.9)!/3 = 0.965. 
Se oe a a (This is the case.) 
(a) Thus the first five terms of the binomial series 
—4 
soE ele) ae Solution 4.1 
_4 —4)(—5)(— 
1+(-4)a+ ( x 2) g? + CONES) 90 (a) The Taylor series about 0 for sin x is 
1 1 1 
(—4)(—5)(—6)(—7) 4 sing =a — —a? + a5 — —2"+..--, for ER. 
=. 3! 5! 7! 
Using this series, and replacing x by x? 
= 1-— 4a 4+ 102? — 2023 + 3524. throughout, we obtain 
: : ; : . 1 1 1 
(b) ce creo aie of the binomial series for sin(2?) = (2?) — 5 (a?)® = (0?)? = 27 
(4)(-2) (4)(—2)(-3) The series is valid for any x? € R, so is valid for 
Le} (3)x + -3 TT oy? 4+ -3 - 3° 73 any z € R. Hence 
, 1 1 1 
+@CICIESD 4 sin(x”) = a? ae ae ae kts 
, forz ER. 
= pig ty? Se gt 
BRT Paes (b) The Taylor series about 0 for e® is 
1 1 
e=1l+24 Thal | ae F---, forxeR. 
Using this series, and replacing x by 7/2, we 


28 


obtain 


ais (+55) +a) + 


The series is valid for $x ER, so it is valid for 
x €R. Hence 


12 
gt t 


e/2 -14444 BU+:::, forveR. 


The Taylor series about 0 for com is 
1 
1-2 
Using this series, and replacing x by 2x, we 
obtain 
1 


1-22 


=l+arta?ta? +... 


= 1+ (2x) + (2x)? + (2x)? +--+. 


1 
Since the Taylor series about 0 for i is valid 


—2 
for —1 < x < 1, the above series is valid for 
—1 < 2x <1; that is, for —} <a < 4. Hence 


1 


mo Pee dn? +805 +--+, for -2 <a <i.) 
(d) The Taylor series about 0 for (14+ 2)® is 
-1 
(+2) =1+ar+ S47)» 
4 a= Wl(a=2) 3 


3! 


Using this series, replacing x by x”, and putting 


a= 3, we obtain 
1 
(1+ 27)? =14 3(a?) +3 x 3 x 5 (27)? 
1 
Sit 1 2)3 


Since the Taylor series about 0 for (1 + x)?/? is 
valid for —1 < x < 1, the above series is valid for 
—1 <2? <1; that is, for —1 <2 <1. Hence 


(1+a7)3/? =14 30° 4 324- ta®+.-., 


(d) 


for -l<a<1l. 


Solution 4.2 


(a) We have 
x Ley hav ad 
€ =ltst oe + 3% Tae Sees 
for « € R, and 
1 1 1 
cosz = 1 Tal rita at 1 ; 


for « € R. Hence 
e"+cosx=2+2a+4a74+ patt--, 
for x ER. 
(b) We have 


in (=*) =In(1— 2) —In(1 +2). 


1+2 


Now the Taylor series about 0 for In(1 + 2) is 


24 


1 3 
3 ut 


In(l+2)=2 $x 


for -l<a<l. 
Replacing x by —< in this series gives 


In(1 — x) = -a2 $2° qui... 


Since the Taylor series about 0 for In(1 + 2) is 
valid for —1 < x < 1, the above series is valid for 
—1<-a <1; that is, for -1 <2 <1. Hence 


Gee 
In — 
1+2 


(-2 x x 


(c— $a? 4 4a? — dat 4 da? 
= —-22 22° 22° 2x ; 
for -l<a<l. 
We have 
sing =2 an aka salt. ; 
for « ER. 


Multiplying both sides of the above equation by 
1 — x gives 


(1 —«2)sina = sing —asing 


for z € R. Hence 


2 URE ae er nee 


(l-—2)sinzg=a-a 
for x ER. 
We have (1+ 2)? =1+ 22+ 27, for x € R, and 


1 1 
f=14+e+4+—7? + —¢2 +--+, force R. 


2! 3! 
So 


(1 + 2)?e” 


2! 3! 


1 1 
a 2 3 bag 
= (1 x Th 3% ) 


1 1 
= (1+22¢ +27) (Leet pet pot), 


3 


x Bar 
for « € R. Hence 

(l+a)?e" =1+4+32+ $2? + Bai +..., 
for « ER. 


29 


Solution 4.3 


(a) The Taylor series about 0 for e® is 


1 1 
T—J4+ge¢4+—2774+ —234+.---, forczeR. 


2! 3! 
Replacing x by 2x we obtain the Taylor series 
about 0 for e?” 


1 1 
e** —1+ (22) + 20)” + 3 (22)" + 
4 8 
=1+ 20+ 50° ae +: 
for c ER. 


(b) Since e?” = e® x e® we can obtain the Taylor 
series about 0 for e?” by considering 


1 2 1 3 
he ae a “) 
1 1 
+ +24 52° Te 
1 1 
+50 t+e4 ) + 3a°(14 y+ 
me Ge eee eee a 
7 2! 3! 
+ (ete? + 509+ ) 
2! 


forz ER. 


This answer agrees with the solution in part (a). 


Solution 4.4 


(a) Using the given Taylor series, 
: 1 


and replacing x 2 2x, we obtain the Taylor 
series for sinh(2z): 


sinha =a2+— , for x ER, 


1 1 
sinh(2a) = (2a) + 3 (20) + wee)” Hades, 
for x € R; that is, 
sinh(2x7) = 2a + fx° + xx” Hates 
for x ER. 


(b) Multiplication of the Taylor series for sinha and 
cosh x gives 


30 


1 1 
sinh x cosh x = 2s + 52° +. 2 


1 1 1 


= Dip Bj Dea’ 
SLT sw + Be +s, 
for « € R. Hence 
sinh x cosha = x + 20° + a2 AP aes 
(c) Since the Taylor series about 0 for sinh(22) can 
be written (see part (a)) as 
sinh(2z) = 2(x+ $a°+ 4a°+...), forzeR, 
we can conjecture that 


sinh(2a) = 2 sinh «cosh x. 


(This identity is valid.) 


Solution 4.5 
(a) We have 
In(l+a)=a—42?+$a%—dott--, 
for -l<a<l. 
Differentiating both sides gives 
1 
1+ 
Hence 
1 
1+ 


which agrees with the standard Taylor series 
given in the chapter. 


=1-—:x (22) + 4 x (3x7) — 


S=1l-g+e?-g+:-, 


(b) Replacing x by 4x? in the above series for i : = 
gives 
1 
14 4a? 
for —1 < 4a? < 1. Now 4x? > —1 for all real z, 


so the condition for validity reduces to 4x? < 1; 
that is, —1 < 2a < 1 or equivalently 


= 1— (42) + (4x7)? — (42?)3 +---, 


= 1-42? + 16x* — 642° +.--., 


for x ER. 


4 x (4a3) + 


for -l<a<l, 


(c) We have 


arctan(2x) = 2 | dx 


1+ 42? 
=2 f (1-42? + 1604 — 640° +.) dr 

for —$ <a < 4, by part (b). Hence 
arctan(2x) =c+2(x— $a° + Ba° — Sa" +...). 


When x = 0 we have arctan(2z) = 0, so c= 0. 


Thus 
arctan(2x) = 2a Sx° | 324° 128 x" fre, 
for —$ SES 5. 
Solution 4.6 
(a) The binomial series for (1+ )® is 
—1 
(l+a2)*=1l+ar4 alo Lie 
-1 —2 
pO NOR 8 is. 
3! 
for -l<a<l. 
Setting a = —4 and replacing x by (—2”) gives 
aes 1) (92) 4 (3) (3) _ a2 
eg = 14 (CB) (222) + ED ary 


for -1 < —a? <1. 


Now —x? <1 for all x, so the condition for 
validity reduces to —1 < —a?. This is equivalent 
to x? <1 or equivalently —1 < # < 1. Hence 


1 1,2 3.4 5,6 
for -l<a<l. 
(b) We have 
4 = 1 d 
arccos ® = — ae x. 


So, by part (a), 


37 = pipt@y 3e44 564... 
arccos x = Jo Fst + 3x me 4 ) dx 
= 113 1 35 4 5 77 4 
=C (a T gu T a0 v Tinv T ), 
for -l<a<l. 
When x = 0 we have arccos x = ST, soc= $1. 
Hence 
_1 Dasa 23405 5.7 
arccos x = 57 —XL— Fx ig@ Wt ; 


for -l<a<l. 
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